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Abstract—Orthogonal frequency division multiplexing (OFDM)
is a promising framework for future wireless communication sys-
tems. One of the main impediments that has limited the appli-
cability of OFDM systems in low-power wireless communication
systems is the highly variable amplitude of the baseband transmit-
ted signal; thus, a number of recent analyses have characterized
this variation. These analyses have generally employed the follow-
ing two components: (1) the assumption that the complex envelope
of the OFDM signal converges to a Gaussian random process in
some sense as the number of subcarriers becomes large, and (2)
Rice’s classical results on level-crossing rates for the envelope of
Gaussian random processes. In this work, we improve on both of
these components to arrive at a simple, accurate, and rigorously-
established expression for the peak distribution of the OFDM en-
velope. In particular, using a rigorous (and non-trivial) proof es-
tablishing the convergence in (1) above as justification, the modern
extreme value theory for chi-squared processes is applied to the
problem. Numerical results for both uncoded and coded systems
establish that the simple expression obtained for the distribution
of the peaks of the envelope process is extremely accurate, even for
a modest number of subcarriers.

I. INTRODUCTION

A major goal of modern communication systems is to allow
high-speed communication, regardless of the location or mobil-
ity of the system users. However, this goal is difficult to achieve
due to the multipath fading that affects wireless communication
signals. One alternative for achieving high-speed wireless com-
munication in the presence of multipath fading is to employ a
multicarrier system, generally implemented as an orthogonal
frequency division multiplexing (OFDM) system, in conjunc-
tion with error control coding. Such coded OFDM systems
have emerged recently as a serious competitor to single-carrier
systems and have been employed or are being considered for a
number of applications, including digital audio broadcast and
digital video broadcast in Europe, wireless local area networks,
broadband fixed wireless access, and cellular data.

One of the challenges to be overcome when employing an
OFDM system in low-power peer-to-peer wireless communi-
cation systems is that the complex envelope of the baseband
OFDM signal can demonstrate significant variation; in other
words, its peak-to-mean envelope power ratio (PMEPR) can
be much larger than that of an analogous single-carrier system.�
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This large PMEPR requires significant backoff of the average
operating power in the amplifier in the transmitter if it is to be
operated in the linear region, which results in significant power
inefficiency. Thus, there has been a large body of work in the
analysis of the variation of the complex envelope of the OFDM
signal and in methods to reduce this variation. Here, the focus is
on the analysis problem. Recent papers that have analyzed the
PMEPR of the transmitted OFDM signal [1] [2] [3] often as-
sume that the complex envelope of the transmitted OFDM sig-
nal converges in some sense to a Gaussian random process as
the number of subcarriers becomes large, and then use this as-
sumption to justify the use of the level-crossing results of Rice
[4] for the envelope of a complex Gaussian random process to
study the PMEPR distribution.

In this paper, we arrive at a simple, rigorously justified, and
accurate expression for the distribution for the PMEPR distribu-
tion and show that it applies for both uncoded and coded OFDM
systems. The rigorous justification relies on the proof that a
bandlimited OFDM signal converges weakly to a certain Gaus-
sian random process. The main theorem, for which the full
proof is given in [5], is

Theorem 2
Consider the complex signal�������	��
 �
 � ������������� �����	� ��!#" (1)

where $ � 
&%(' ��*)�+ , ,.-�/ �10 "#2 � , and 3 � � "54 
60 "�7�787�" �:9 �<;
is an independent and identically distributed (IID) sequence of
complex random variables, each with independent real ( �>=� )
and imaginary ( ��?� ) parts such that @BA �>=�DC 
 @BA �>?��C 
E0 and@GF#H �>=�JI %LK 
 @GF#H �>?�MI %LK 
ON % . Then, as

�QP 2 , for any

closed and finite interval ,SRUT3 � � ���	� " � /V, ;XW9YP 3 � �Z�	� " � /[, ;
where W9\P implies convergence in distribution and � �Z�	� is a
zero-mean stationary Gaussian random process defined over the
interval , , with real part ] ���	� and imaginary part ^ �Z�	� such that@`_ ] ���bac� ] ��� � �edY
 @`_ ^ ���bac� ^ �Z� � �ed�
fN % sinc g�h �Z� � 9 �ba1�,.- i "
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and @`_ ] ���bac� ^ ��� � �ed.
`N %\j	kml %�npo !rq � !ZsZt ')�+ u' o ! q � ! s t)�+ v
for all �ba and � � in , .

With the above rigorous theoretical justification, the modern
theory of extreme values of chi-squared random processes (i.e.
those corresponding to the envelope process formed from the
complex Gaussian process) is then employed to arrive at sim-
ple and accurate approximations to the PMEPR distributions
for the envelope of the transmitted OFDM signal. It is demon-
strated through simulation that these simple and well-justified
expressions are as accurate as those of [2] and [3], and, like the
results in [2] and [3], apply surprisingly well for uncoded and
coded OFDM systems with only a modest number of subcarri-
ers.

This paper is organized as follows. Section 2 overviews the
key parts of the proof of the convergence of the envelope pro-
cess. Section 3 uses the modern theory of extreme values to
derive simple approximations for the PMEPR distribution of
OFDM signals and presents numerical results that demonstrate
the accuracy of these expressions. Finally, Section 4 presents
the conclusions.

II. THE MAIN THEOREM

In this section, the proof of the following result, which is
of independent interest and captures the key properties for the
proof of Theorem 2, is sketched. For the details of the proof, the
reader is encouraged to obtain [5] from the authors. Theorem 2
then follows in a straightforward manner, and thus its proof is
omitted here.

Theorem 1
Letw<x*ymz�{}| ~� � x�� �� �#��� n�������b�L� n8�#������<� z u�� ����\�1��� n��#�������� z u�u (2)

with � /�, , for any closed and finite interval , R�T ,
where � �>=� "�4 
E0 "�787�7�" � 9 �¢¡ and � ��?� "#4 
E0 "87�7�7�" � 9 �¢¡
are each sequences of IID random variables, with @BA �>=� C 
@ A �>?� C 
�0 , @GF#H �>=�JI %LK 
 @GF#H �>?�MI %�K 
�N % , and the two

sequences are independent of each other. Then, as
�XP 2 ,3�] �£�Z�	� " � /[, ; W9}P 3�] ���	� " � /¤, ;

where ] �Z�	� is a zero-mean stationary random process defined
over , with autocorrelation function@`_ ] �Z�bae� ] �Z� � �¥d�
EN % sinc g�h ��� � 9 �bae�,.- i "�¦ �ba " � � /[,

First, the framework is formalized and measurability of the
appropriate quantities is given in Section 2.1. The proof of The-
orem 1 then can be established by proving two key items: (1)
the sequence of measures is tight, and (2) the finite dimensional
distributions converge to the appropriate limiting finite dimen-
sional distribution.

A. Framework of the Proof

In this paper, all probabilities are defined on the probability
space �c§ "	¨¤"b© � , where § is the outcome space, ¨ is the N -
field on § and © is the probability measure defined on ¨ . Letª 
 ª _ 0 " � d be the space of continuous functions on _ 0 " � d with
the uniform metric « � ] " ^ ��
 j(¬�­ !e®°¯ ��± �¥² ³ ] ���	� 9 ^ �Z�	� ³ " ] " ^¤/ ª
and define ´ as the N -field of Borel sets of

ª
. The appropriate

measurability of the random functions ] �����	� (in the sense that] ���� ´¶µ ¨ ) is then readily established [5].
A sequence 38] � ; of random function of

ª
converges in dis-

tribution to the random function ] , denoted by ] � W9YP ] , if:
(1) a sequence 3�] � ; of measures is tight, and (2) the finite-
dimensional distributions at times �Z� � " � % "�7�787�" �b·¸� converge in
distribution to ] ��� � " � % "�7�787�" �b·¹� for any º and �Z� � " � % "87�787�" �b·¹� .
B. Tightness

The sequence 3�] � ; of random functions of
ª

is tight if and
only if these two conditions hold [6, pg. 55] :

Condition 1. For each positive » , there exists an a such that© 3 ³ ] �£��0 � ³¢¼¾½ ;À¿ » " ��Á � (3)

Condition 2. For each positive Â and » , there exists a Ã , with0£Ä Ã Ä � , and an integer
� � such that

©ÆÅÇÈ ÇÉ j(¬�­Ê ËbÌ<Í�Ê Î�ÏÐ ± !e®°¯ �8± �¥² ³ ] �£�1�Ñ� 9 ] ���Z�	� ³ Á Â�Ò ÇÓÇÔ ¿ » " ��Á¾� � v (4)

Establishing Condition 2 is the crux of the entire proof. The
proofs of Condition 1 and Condition 2 are omitted; please refer
to [5] for details.

Hence, for the sequence 38] � ; in (2) of random functions
of

ª
, both Condition 1 and Condition 2 are satisfied, and thus3�] � ; is tight [6, pg. 55].

C. Convergence of The Finite Dimensional Distributions

By means of the Cram Õ� r-Wold Device in [6, pg. 49], prob-
lems involving the convergence of random vectors in T � can
often be reduced to problems of convergence involving only or-
dinary random variables in T �

. That is, in T � , a sequence of
random vectors 3ÑÖ � ; converges weakly in distribution to a ran-
dom vector Ö if and only if each linear combination of the com-
ponents of Ö � converges in distribution to the corresponding
linear combination of the components of Ö . The Cram Õ� r-Wold
Device is employed to establish the result of Lemma 2.1. The
proof is omitted.
Lemma 2.1
Let ] � ���	� be defined as in (2), and pick any × and collection of
sample times 3 � � " � % " v�v�v " �bØ ; . ThenÖ � 
Ù� ] �£�Z�(�8� " ] �£�Z� % � " v8v�v " ] �£�Z� Ø �(� ) W9YP Ö "
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where Ö is an × -dimensional vector with jointly Gaussian com-
ponents, mean vector 0 , and covariance matrix Ú , whereÚ a ± � 
fN % sinc g h �Z� a 9 � � �, - i (5)

Since a random function 3�] �Z�	� " � /Û, 
 _ 0 " � d ; of
ª

is
uniquely determined by its finite-dimensional distributions [6,
pg. 30], there exists a unique random function ] of

ª
such

that its continuous mappings Ü !1Ý ±�Þ�Þ�Þ ± !�ß to T Ø are × -dimensional
Gaussian random vector with mean vector 0 and covariance ma-
trix Ú as in (5). Hence, 38] �Z�	� " � /S, ; is a Gaussian random
process. Thus, due to the tightness of the sequence 38] � ; of
random functions of

ª
and the theorem of [6, pg. 54], it can

be concluded that the sequence of real part random functions38] � ; defined on a finite time interval , as in (2) is converging
in distribution to a zero mean Gaussian random process whose
autocorrelation function is given by (5). Thus, Theorem 1 is es-
tablished, and it can be employed in a relatively straightforward
manner (see [5]) to prove Theorem 2.

If $ � 
 %�'�*)Ñ+ H 4 9 ���.�% I in (1), it can be shown as well that� � ���	� is converging to � �Z�	� , where � ���	� is a zero-mean station-
ary complex Gaussian random process defined over , with in-
dependent real and imaginary parts, each with autocorrelation
function N % sinc g ��� � 9 �ba1�,.- i "�¦ �ba " � � /¤, v

III. PMEPR DISTRIBUTION OF OFDM SIGNALS BY

EXTREMAL THEORY

Let the complex baseband OFDM signal be expressed as:à� � �Z�	��
 �
 � �>�.���L��� � � � ��á1âã�ä + � � � ã Ì Ýá � ! " (6)

The PMEPR of
à� � �Z�	� can be defined as [2]© �Ùå
çæéè�ê ��ë ! ë �*)�+ ³ à���ì���	� ³ %íïîLð " (7)

where
í�î�ð 
 h N % .According to the extremal theory [7][8], consider ñ �Z�	� , » ���	� ,� ¼ 0 that are independent stationary Gaussian processes with

zero mean, unit variance, and identical covariance functionò°�Z�	�*
 Cov � ñ �1�Ñ� " ñ �c�*óô�	�	�*
 Cov � » �c�Ñ� " » �c�õóô�	�	� , which ad-
mits the expansionò°�Z�	��
 � 9÷ö � %h óùø°�Z� % � as � P 0 , (8)

and suppose ñ �Z�	� and » �Z�	� have continuously differentiable
sample paths, with Var � ñ<ú �Z�	�	�£
 Var � »°ú ���	�	�£
 ö 
 9 ò ú ú ��0 � .
Then û % ���	��
 ñ % ���	�pó » % �Z�	�

is a stationary
û % � h � -process with continuously differentiable

sample paths. Suppose further thatò°�Z�	�°üþý�ÿY���	� P 0 " as � P 2 . (9)

Then

P � j	¬�­��� ! ë ) û % �Z�	� ¿�� %�� P � ��� (10)

if ,
	 � � � P�� as , , � P 2 . Here � % is related to , by� % 
 h ümý<ÿ , óôüþý�ÿ�üþý�ÿ , ó÷ümý<ÿ�� ö�
 Ü � 9 h ümý<ÿ � óùø°� � � v (11)

It is easy to show, based on (10) and (11), that

P � ½ ) g æ�èMê�8ë ! ë ) û % �Z�	� 9�� ) i ¿ ] � P�� ê ­ H 9 � ��� I " as , P 2 "
(12)

for ½ ) 
 � 
 h " � ) 
 h üþý�ÿ , óôüþý�ÿ�ümý<ÿ , óôüþý�ÿ>� ö�
 Ü � v (13)

As suggested by Section 2, as
��P 2 , the complex baseband

OFDM signal (6) is converging weakly to a complex Gaussian
random process

à� �Z�	��
��ù���	�.ó���� ���	� , withò°� � � 
 @ _ �ù���	���ù���#ó � �edY
 @ _ � �Z�	���[���#ó � �¥dY
`N % sinc g �, - i "
(14)

and @ _ �ù�Z� � ��� ��� % �¥d�
`0 "¥¦ � � and � % v (15)

It is clear that
û % �Z�	�E
 �� á H � % ���	�pó�� % ���	� I is a

û % � h � -process. The conditions stated in (8) and (9) are satisfied byò°� � � in (14), with
ö 
 �� n ')Ñ+Mu % . Hence, as

� P 2 , the cu-

mulative distribution function of the PMEPR of the baseband
OFDM signal has the following asymptotic characteristic,

P � �
!#"�#$&%'$)( ~�+*-, A/. , ymz�{&021 , yþz�{ C4365 � | P 7 �
!#"�#$)%'$&(98 , ymz�{ 3 � 5 ��;:=< "�> H �@? �&A ICB as
� :ED , (16)

where ] 
 � h ^ 9F� ) � ½ ) . ½ ) and
� ) are defined the same as in

(12), with
ö 
 �� n ')�+ u % .

Let , 
 � ,.- , when the time-scale is normalized by ,.- , ö 
' á� , then the cumulative distribution function of the PMEPR © �
can be approximated as

P 3 © � ¿ ^ ;HG
 � ê ­ � 9 � ��I �KJ Ü L ümý<ÿ � � " (17)

for large enough
�

. Thus, this yields a simple result through a
fully analytic derivation. In [2], the authors derived the follow-
ing approximations for high order

�
by employing a number

of approximations and the method of level-crossing rates [4]:

P 3 © � ¿ ^ ; G
 � ê ­ � 9 � ��I ��J Ü L ^ � " (18)
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for P 38« ¼ ^ ³ « ¼EMò ; P 0 , where « is an arbitrary peak in one
OFDM symbol (within _ 0 " � , - d ) and Mò is a proper selection of
threshold such that each positive crossing of the level Mò has a
single positive peak that is above the level Mò [2]. The result of
[2] is not fully analytic in the sense that it requires a number of
approximations for even the asymptotic form, which can be ob-
served to be slightly different than the actual. The comparison
of (17) and (18) with the simulation results for uncoded OFDM
system are shown in Figure 1 in terms of the complementary cu-
mulative distribution function (CDF) of PMEPR. Note that both
approximations are very accurate in predicting the PMEPR of
the transmitted OFDM signal, but that the proposed result is
better as expected.

Equation (17) is derived for uncoded systems under the as-
sumption that the complex symbols on each subcarrier of an
OFDM symbol are independent of each other. Moreover, the
real and imaginary part of each complex symbol are indepen-
dent of each other as well. However, in practical systems,
forward-error correction coding across subcarriers is essential
to deal with the effects of the multipath fading on them. The
channel coding will make the assumption of the independence
stated no longer valid. For a codeword of finite length, when the
number of subcarriers is approaching infinity, this finite code-
word can be regarded as one composite complex symbol on a
set of finite number of subcarriers. Then the arguments will fol-
low the same way as that for the uncoded system. Thus, the ex-
treme value theory can be employed as well for coded systems
to develop the CDF of the PMEPR in a coded OFDM signal.

The simulation results for an OFDM system coded with a� h " � "ON � convolutional code mapped to QPSK are shown in Fig-
ure 2. From these figures, it can be seen that (17) agrees well
with the simulation results for a coded OFDM system.

IV. CONCLUSIONS

In this paper, the complex envelope of the transmitted signal
in an OFDM system has been shown to converge weakly to a
Gaussian random process as the number of subcarriers in the
system goes to infinity. This result provides a rigorous justifi-
cation for previous work that has assumed this result and em-
ployed level-crossing results of Rice to obtain expressions for
the system PMEPR. In addition, modern extreme value theory
has been employed to derive fully analytic and simple yet accu-
rate approximations for the PMEPR for the transmitted signal
in OFDM systems. Under mild assumptions, the extension to
coded systems of the theorems contained herein should be eas-
ily established, and the simulation results are shown to agree
well with (17).
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Fig. 1. Complementary cumulative distribution function of the peak-to-mean
envelope power ratio (PMEPR) of an uncoded OFDM signal with 100 sub-
carriers (top) and 256 subcarriers (bottom) employing QPSK for the proposed
expression and that of [6]. There is close agreement of the proposed expression
with the simulated PMEPR for a number of subcarriers as small as 100. The
simulation curves are obtained by running ~�P+Q independent OFDM symbols
for

� | ~�P+P , and �SR TVU ~�PXW independent OFDM symbols for
� | �+Y+T .
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Fig. 2. Complementary cumulative distribution function (CDF) of the peak-
to-mean envelope power ratio (PMEPR) of a coded, convolutional code (2,1,6),
OFDM signal with 100 subcarriers and 256 subcarriers employing QPSK for
the proposed expression and that of [6]. There is close agreement of the pro-
posed expression with the simulated PMEPR for a number of subcarriers as
small as 100. The closed form of the CDF of the PMEPR of an uncoded OFDM
signal still holds for coded system. The simulation curves are obtained by run-
ning ~�P Q independent OFDM symbols for

� | ~�P+P and ~ R Y-U ~�P W independent
OFDM symbols for

� | �+Y+T .
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