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On the Design of Multidimensional Signal Sets
for OFDM Systems

Dennis L. Goeckel and Ganesh Ananthaswamy

Abstract—An orthogonal frequency division multiplexing duces intersymbol interference (ISI) among transmitted sym-
(OFDM) system operating over a wireless communication channel po|s on wide-band wireless channels. Communication theory
effectively forms a number of parallel frequency-nonselective ,q reyealed two effective methods for reliable communication

fading channels, thereby obviating the need for complex equaliza- . . . . . ) .
tion and thus greatly simplifying equalization/decoding. However, I systems, either wired or wireless, subject to ISI: 1) a multicar-

the OFDM system also exhibits two weaknesses relative to its rier system employing error control coding and 2) a single-car-
single-carrier counterparts: 1) the diversity achieved by the rier system that employs a combination of error control coding
OFDM system can be less than a single-carrier system employing gnd precoding/equalization.

the same error control code in a signaling environment rich in . . . . .
diversity and 2) the baseband transmitted signal can exhibit The time-varying nature of the multipath fading of a wireless

significant amplitude fluctuation over time, thereby precluding channelin a system with highly mobile users precludes the di-
efficient transmit amplifier operation. In this paper, nonstandard  rect application of many methods that can be applied over fixed

multidimensional signal sets matched to the OFDM framework |S| channels (e.g., Tomlinson—-Harashima precoding (THP) [1],
are prescribed that address both of these issues. The proposed[z] or discrete multitone modulation (DMT) with adaptive bit

signal sets are chosen to maximize the diversity achieved by an . o . .
uncoded system under a constraint to control the peak-to-mean loading [3]); in particular, outdated knowledge of the multi-

envelope power ratio (PMEPR) of the baseband transmitted path fading values at the transmitter is only useful in wireless
waveform. The cost of employing the proposed signal sets is ansystems with limited mobility [4]. When reliable knowledge of
increaﬁecin deccln_din_g cohmIO'EXit% a(Sj ;S(?en“t’;”y a small arrr:ounthof the current multipath fading values is not available at the trans-
?:snljlrt(i)ng s;e/gtlé?r:zggr?nbea\ievs:g :s a? h;gritdeb;et\?vigﬁrétn lgﬁéﬁ mitter, poded symbols are generally mterlea\{eq before bgmg
system and a standard single-carrier system. Numerical results transmitted across the channel, thereby providing code diver-
are presented which suggest that: 1) the system can provide ansity. In the receiver of a single-carrier system, the required dein-
attractive alternative to a standard OFDM system in terms of terleaving between the equalizer and the decoder of the error
required average transmitted SNR versus receiver complexity ,niro| code makes the optimal combination of these two op-
and 2) the system yields a modest reduction in PMEPR versus a . L . -
standard OFDM system. erations prohibitively comple>§, instead, soft-output equahzer;
are often employed that provide to the decoder not only deci-
' sions on the equalized channel bits, but also soft information
that characterizes the reliability of each of these bit decisions
[5], [6]. Performance can then be further improved at the cost of
I. INTRODUCTION complexity by iterating soft information between the equalizer

MAJOR goal of modern communications is the deve@nd decoder in the “turbo” fashion [5]. One major drawback

opment of a reliable high-speed wireless communicatid} this single-carrier architecture is that the soft-output equal-

system that supports high user mobility; however, the achieJger itself can be too complex for implementation, especially in

ment of this goal is inhibited by multipath fading, which introNigh-speed single-carrier data systems where, because of the ex-

tremely short symbol period, the significant ISI can extend over
many data symbols and the receiver processing time per data

. . . symbol is severely limited.
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an OFDM system operating on a Rayleigh fading ISI channela$ subcarrier symbols for théth OFDM symbol, the corre-
identical to the effective channel obtained in a frequency-nosponding time-domain sequence is obtained via an IFFT as
selective Rayleigh fading channel, the achievable diversity in
an OFDM system is upper bounded by the minimum Hamming 1 M-t
distance of the error control code employed, whereas the coded =z, ; = —— Z X, i 20N 0<I<N-1.
single-carrier system can achieve diversity equal to the product VN i=0
of the frequency diversity available on the channel and the min-
imum Hamming distance of the error control code. Thus, if % Will be convenient to write F*(X,) = =z, and
system is operating in an environment rich in diversity ovef~(z) = X, where Fy is the energy-preserving
the allowable delay-bandwidth of a codeword, the single-cai{-Point discrete Fourier transform operator, amq =
rier system can greatly outperform the OFDM system. Furthéfx,0; Zk, 1, - - - ax, n—1)7. After the cyclic prefix is added,
more, because the OFDM signal is effectively constructed i€ resulting samples are input to a digital-to-analog (D/A)
the frequency domain, the transmitted signal can exhibit a larg@nverter, whose output is the complex envelspg of the
peak-to-mean envelope power ratio (PMEPR), thus predudip@nsmitted §ignal. The received signal will in general be given
efficient operation of the amplifier in the transmitter [8]. by 7(t) = [h(t, 7)s(t — T)dr + n(t), whereh(t, ) is the
In this paper, a coded modulation technique is proposed tisqMmplex baseband representation of the channel response of
draws symbols from a signal set in multiple complex dimerbe frequency-selective fading channel at titnandn(t) is a
sions; each complex dimension of the selected symbol is th&#{0-mean stationary Gaussian random process with two-sided
placed on a properly chosen subcarrier of the OFDM systeRPWer spectral density,/2. Throughout this paper, it will
Under a constraint to help control the PMEPR of the basebap@ @ssumed that the channel varies slowly enough that it can
transmitted signal, the goal in the design of these multidimee modeled as approximately constant over the duration of
sional signal sets is to maximize the diversity achieved by & OFDM symbol; thus, the time variable of the channel will
uncoded system. This goal is similar to that of the work in [9P€ Suppressed to vield(t) = [h(r)s(t — T)dr + n(?).
[10], where the target application was single-carrier systems bHrthermore, the key assumption that effectively results in a
frequency-nonselective fading channels. However, in contrdigduency-nonselective fading channel for the coded symbols
to the work in [9] and [10], where the multidimensional signdl @an OFDM system will be assumed; that is, the subcarrier
sets increase the amplifier linearity requirements of a single-cRandwidth &1/1%) is much smaller than the coherence fre-
rier system, the signal sets proposed in this paper are subféégncy of the frequency-selective fading channel.
to an extra constraint to help control the PMEPR of the OFDM The received complex baseband signét) is input to
system, thus modestly reducing the linearity requirements of tA8 analog-to-digital (A/D) converter; at the output of the
transmit amplifier in the OFDM system. In addition, the naturd/D. the cyclic prefix is discarded, and the Fourier transform
consideration of coding across these multidimensional sighak = (Yz,0, Yi, 1, - .-, Y&, n—1)" of the N-vector of samples
sets is addressed, which motivates the important considerati§fresponding to théth OFDM codeword is calculated. As-
of the optimal combination of coding and modulation to miniSuming both that the cyclic prefix is of sufficient length and that
mize receiver complexity, which will have a significant bearin§erfect timing, carrier frequency, and carrier phase recovery is
on the utility of the work in [9] and [10]. achieved, the standard ISI-free framework for OFDM coded
In Section Il, both the constraint for PMEPR control and'odulation design is obtained &%, = Hg,iXx,i + 7z,
the selection of the subcarriers on which to place the compl&kereH; ; is the “flat” fading affecting theith symbol of the
dimensions of a symbol drawn from the multidimensiondth subcarrier andy, ; is a collection of zero-mean 11D complex
signal set arise naturally from a consideration of the inver§aussian random variables, each whtfjn,. ;|*] = No. Under
fast Fourier transform (IFET) that is at the center of the OFDIf€ Gaussian wide-sense stationary uncorrelated scattering
transmitter. In Section 11, numerical results are presented fdgWSSUS) model [12]4,. ; is a correlated (both acrods
the application of the signal sets in both uncoded and cod@@d ) two-dimensional (2-D) sequence of jointly Gaussian
systems in terms of average received SNR. Section IV prese#gnplex random variables. Because these random variables

a PMEPR characterization of the resulting system. Finalijecorrelate with time separation (in the indgxand frequency
Section V presents the conclusions. separation (in the indey, it is desirable to spread the variation

in the transmitted signal caused by a given codeword difference
as broadly as possible within the allowable bandwidth—delay
product of the system. In particular, frequency diversity can
A. OFDM System Architecture be exploited for a single uncoded bit if the variation in the

In this section, the well-documented (e.g., see [11, Fi ransmitted signal caused by that bit’'s value is spread as broadly

1]) OFDM system architecture is briefly described to e possible in thédimension [13, p. 777].

tablish appropriate notation. Consider an OFDM system ) o

with N subcarriers, and let\; ; be the kth symbol to B- Design Criteria

be placed on subcarriegt 0 < i < N — 1, during time To motivate the construction, consider the decima-
kT, <t < (k+ 1)T;, whereT is the OFDM symbol time. tion-in-input decomposition of an 8-point IFFT into two
Letting X, = (Xx 0, X 1, ..., Xk, n—1)7 be the vector 4-point IFFTs, as shown in Fig. 1, wheﬁe;}i(gk) has been

Il. MULTIDIMENSIONAL SIGNAL SETS
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Fig. 1. The “butterfly” combining to get an 8-point IFFT from two 4-point IFFTs in a decimation-in-input scheme.

defined as théth component of thev-point energy-preserving C. Signal Set Construction

IFFT of X ;.. There are two key things to note: 1) since The M-fold product of a standard signal set defined in one

complex dimension [e.g., binary phase-shift keying (BPSK),
‘]—“‘14(X )‘ < | Aimoas (X 1) N | Bimoda (X 1,)] guadrature phase-shift keying (QPSK), or quadrature amplitude
NyiA= kI = V2 V2 modulation (QAM)] possesses both good minimum Euclidean
distance and relatively small PMEPR. Thus, consider selecting
suppressing large amplitudes in the output of the 4-point IFFESsuch that thel/-point IFFT of each signal point i’ lies in
aids in suppressing large amplitudes in the output of the 8-poifik A/-fold productZ™ = Z x Z x --- x Z of a standard
IFFT, and 2) the inputs to a given 4-point IFFT are separatefynal setZ; that is,S = {Fy(z): z € ZM}. However, this
in frequency by two subcarriers. More generally, the inputs &election does not maximizép, i, (S). In fact, consider any
a gw_enM—pomt IFET in the.decomposmqn-m-mput decom'distinctzi andz; in Z. Then§oéFM((zi, 2, z)T) and
position of an~N-point IFFT in the transmitter of an OFDM
system with/NV subcarriers will be separated By/A subcar-
riers. This implies that the subcarriers corresponding to a given
M-point IFFT in the decomposition are equally spaced across T
the bandwidth of the system, and thus an uncoded system op- = (\/M(Zi -2),0,0, ..., 0)
erating on thesé/ subcarriers with a properly chosen signal
set can achievé/th-order diversity on a frequency-selectivednd thusdp, in(S) = 0. Note that having a product distance
channel of minimum frequency diversity of at ledst equal to zero does not imply that the signal set is useless—it
The two observations above motivate the following designly indicates that the signal set does not have full diverslty
criteria. The goal is to find a signal s&& = {s;; ¢ = andthusislessdesirable at high SNRs than a signal set that has
0,....,K — 1} of K signals in M complex dimen- nonzero product distance.
sions [i.e., s; = (si0,8i1,---,5 m_1)7] such that This motivates the following modification, which can be
max, cs max; |]:]\_41j(§i)| is minimized, and such that theviewed as a constrained ve_rsion of the work in [19’]:i§
maximum pairwise efror probability between any two signals #¢lected such that thé/-point IFFT of each of the sig-
S is as small as possible. Under the assumptions of independ@#f in ' lies in INZ X N2 x - x JPMZ, where
Rayleigh fading in each complex dimension and a high SNR.?2={c’?2: z € Z}, and¢y, ¢1, ..., ¢y—1 are the rotation
minimizing the maximum pairwise error probability betweegngles to be specified. More precisely, signal sgtsf the
any two signals ir§ can be done by maximizing the minimumform S = {Fy;(®z): z € 2"}, where® is an M by M

s, 2 Ful(z, 2, ..., z;)T) areinS, and

So 381 :FA4((ZZ‘ TRy R T Ry ey A —Zj)T)

pairwise product distance diagonal matrix with the elements/®o, /%1, ..., e/¢r—
along the diagonal, will be considered. The largest magnitude
Mo1 at the output of anV/-point IFFT will be equal to the largest
dp win (S) = min H |Si m — S5 ml- magnitude of a signal i, but now the elements ab can be
' 5;,8,C5i#A) oo ' chosen to maximizép, min(S).
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D. Rotation Angles for Specific Signal Sets

BESTVECTOR OFROTATION ANGLES (¢q, @1, - - -,

TABLE |

445

¢ 1) FORVARIOUS BASE

For a fixedM andZ, the proposed construction immediately SiGnaL SETs Z AND COMPLEX DIMENSIONS M. IN EACH CASE, THE

upper boundﬁlp min(S) by d} . where AVERAGE ENERGY PER COMPLEX DIMENSION 1S NORMALIZED TO UNITY.

’ i NOTE THAT, WITH THE EXCEPTION OF THE8-PSK SGNAL SETS, ALL OF THE

PROVIDED ROTATIONS RESULTS IN A SIGNAL SET .S WHOSE MINIMUM
d z M PRODUCT DISTANCE d p min (S') ACHIEVES THEUPPERBOUND d} ..., . ONE
LA E:Hlin( ) (1) SHOULD NOT ATTEMPT TO ASCERTAIN THE QUALITY OF A SIGNAL SET BY
Pmin M COMPARING THE PRODUCT DISTANCE ACROSSDIFFERENT M, SNCE THE TWO
SYSTEMS UNDER COMPARISONWILL ACHIEVE DIFFERENTDIVERSITIES
anddE’min.(Z) N I.mnzi’zjez’#j Zi T Zjl- This upper b(_)und Z M | (¢o,¢1,..., dm-1) dprnin(S) ;min
is derived in a straightforward manner as follows. Consider digper—13 0.2 50 50
tinct vectorsz,; and z; in Z* that differ in only one com- s |0, z an) 10 1.0
. . . . . . . 14720 4 : :

plex dimension and whose separation in that dimension is t 8 |¢i=124=01,..,7 |00625 0.0625
minimum Euclidean distance of the signal €tThen, the Eu- 16 | ¢i=2,i=0,1,...,15 | 1.53 x 107° | 1.53 x 10~°
clidean distance between these vectors is givetd by, (Z). QPSK 12 1(0,%) , 1.0 1.0
Since multiplication of each of these signal vectors by the rot g 0,5.5%) oL 8'33391 8'33391
tion matrix® and the energy-preserving discrete Fourier tran S5k 132 <(;>0 Z)‘ Sl ELLLEL 0'233 0‘293
form operator preserves the Euclidean distance between the\ 4 (0’ 8. sz 0.00368 0.0214
tors, Fpy ($z;) and Fay (2 ;) differ in Euclidean distance by TogaM [2 [(0,2) 020 020
dr min(Z). The product distance between any two vectors se 4 |(0,%,%,3) 0.01 0.01
arated by a fixed Euclidean distance is maximized when the E64-QAM |2 | (0, 7) 0.0476 0.0476

clidean distance is spread equally acrosgAllimensions, and
thus the product distance betwegn; (®z,) and Fi (®z ;) is
at mostdp ;.-

The fact thatd pmin(S) is upper bounded by}, ;. is not

about the proposed technique. Judgments on the utility of the
technique should be reserved until coded results are considered
overly discouraging if}, ., can be achieved, as (1) reveald? Section IlI-B.

that the distance between two signals of minimum EuclideanIn this paper, an uncoded system is defined to be one
distance inS will be spread out across the fulf complex di- in which the information bits label the constellation points
mensions equally, thus leading to the best pairwise error prdb-.5; in other words, in an uncoded system, any sequence
ability that can be obtained between two signals separatedwijh symbols drawn fromS is possible, whereas in a coded
this minimum Euclidean distance. It will be observed below thgystem the set of possible sequences is restricted. An OFDM
dpmin(S) will equal d}, ..., for nearly all signal set§ consid- Symbol X, is formed at the transmitter per the recipe of
ered in this paper. Section II-B as follows. FirstN/M M-dimensional symbols
The analytic prescription of the optimal rotation matior %o, -- -, %(n/n—1 are formed, each by usingg, [S| bits
variousZ and M has been found to be difficult; therefore, thedutput from the interleaver to select a symbol fréimwhere
rotation matrices presented in this section were found mairtty = (uz,0, .., w, m—1)". The elements of the OFDM
by computer search. From these computer searches, it is gyynbol are then given bW 1 = wmod(nv/a), [1(M/N))
parent that, for/-ary PSK, a good selection for the matrix of =0, 1, ..., N — 1. Although the aforementioned definitions
rotation angles has diagonal elements givempy= 27i/JM give the precise mathematical definition of the system, note
fori =0, 1, ..., M — 1. For all of the BPSK and QPSK caseghat the implementation of the transmitter can be simplified by
considered, such a selection results in a signa§ setose min-  recognizing that the proposed construction is forcing symbols at
imum product distance equals the upper bound (1). For 8-Pskgiven level of the IFFT in the OFDM transmitter to be drawn
the minimum product distance of the resulting signal sets do&m a rotated version of the signal s&t Thus, in practice,
not achieve the upper bound, but extensive computer search tigsinformation bits to be carried on a given OFDM symbol
not resulted in a better set of rotation angles. The best set of rtguld be used to directly selest/M M-dimensional symbols
tion angles found for a number of signal sets is given in Tablefrom {®z: z € Z*} and then only the latter combining stages
of the N-ary IFFT (roughly the complexity o/ N/M-point
IFFTs—see Fig. 1) need be implemented to get the sample
points for the OFDM symbol.

For all examples in this section, the two-path charire) =

A comparison of uncoded systems is not fair to the standalid 5(¢) + »; 6(¢ — T%.) will be assumed, wher&t) is the Dirac
OFDM system, since it is well known that powerful coding muslelta function, 7. is the symbol period of the reference single-
be employed in conjunction with OFDM on multipath fadingcarrier system, antly andh; are independent zero-mean com-
channels for acceptable performance. Furthermore, the receplex Gaussian random variables of equal power. Perfect channel
complexity of the proposed system and that of a single-carrigde information at the receiver is assumed for all cases. As-
system will exceed that of a standard OFDM system if no codisgming a signaling pulse in the single-carrier system that results
is allowed. However, in this section, brief numerical results aie no 1Sl in theT.-spaced samples of a matched filter output on
presented for a simple uncoded case to illustrate a few key poiatsunfaded additive white Gaussian noise (AWGN) channel, a

I1l. A PPLICATION

A. Uncoded Systems
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whitened matched filter sampledt intervals at the frontend 197 IR TS EEEEEE B EES ST S e

of the receiver will lead to the equivalent discrete-time chann
ho+h1 D, whereD represents a one-symbol delay. Recognizir
that the frequency separation of subchannels in an analog
OFDM system withV subcarriers is equal to/NT,, the cor-
relation of the fading on subchannelsand j can be approx-
imated asE[Hy ;H;; ;] = Ellhol*] + E[|hy|?*]e/2™(G=0/N);
thus, if attention is restricted th/ = 2, the correlation is zero
between the fading variables of the subchanhalsdi 4+ (N/2)

of interest whenE[|ho|?] = E[|h1]?] as assumed above. Thus
becauseH;, ; and Hy ;1 (n/2) are jointly Gaussian, these two
subchannels are faded independently. Although this seems ¢
of fortuitous luck, the idea generalizes to more general che
nels and larged/ in a natural way, as thé&/ complex dimen-
sions of the signal sef are spread across the full bandwidtt

equally and thus roughly capture the full diversity (upifg of
Bit error probability of “uncoded” systems versaserage SNR

the channel as expec_te(_j. Note that the Sys_tem designer doe%?/qé‘ per information bit on a Rayleigh fading channel with two paths of
need to know the statistics of the channel, if the channel has fegual power spaced by the symbol period of the single-carrier system. The
quency diversity greater than or equalbavailable, the system curve for the linear-equalized system approximates the performance of the
will capture diversitvAiZ. whereas if the svstem has fre uenc“spread-spectrum multitone” and frequency-domain equalized systems of [7]

. .p YL, . Y ) q ¥nd [14], respectively, The proposed system emplys QPSK and\/ = 2.
diversity less thad/ available, the system will capture the fullThe number of trials was at least the product of 100 and the inverse of the bit
frequency diversity the channel has available. Thus, the valueegP" probability. For the MLSE curve, at least 10000 independent channels

were simulated for each point.

M does not need to be closely tuned to the channel.

As an example, considéd = 2 andZ = QPSK, which im- _ _ _ _ _ _
plies that the system will send two information bits per conihe proposed architecture with optimal bit metric generation are
plex dimension. The settingsy = 0 and¢; = 7/4 result presented in Section 11I-B2. These results suggest a moderate
in dpmin(S) = di ... for this example per Table I. Simu- 9ain in performance in terms afverageSNR for the proposed
lation results are shown in Fig. 2, where the proposed systéftem over a standard OFDM system. A careful look at
has employed maximum-likelihood decoding for each uncod&tf complexity of metric generation in the proposed system
symbol; note that the proposed system does indeed exhibit @otivates a slightly suboptimal receiver, which is presented
versity two, as identified by the slope of its performance cun@long with the associated numerical results in Section 11-B3;
at high SNRs, but that it performs worse than a single-carrigtese results suggest that the proposed system can present an
system employing a maximum-likelihood sequence estimatfractive alternative to a standard QFDM system from a perfor-
(MLSE) for equalization. The fact that it performs worse thafl@nce versus complexity standpoint in terms of average SNR.
the MLSE-equalized single-carrier system was not guarantde@ins in PMEPR reduction of the proposed system, which also
a priori, as the transmitted signal in the two systems is diftPPly to an uncoded system, are reserved fo.r Section IV. .
ferent. In fact, for the trivial (and somewhat unfair) example of 1) Coded System Architecturén this section, the archi-
M = 2 andZ = BPSK, the proposed system can achieve tHgcture for coded systems that employ bit-interleaved coded
matched filter bound and thus outperforms the MLSE-equaliz8dulation [15], [16] in conjunction with the proposed signal
single-carrier system. Finally, itis illustrative to contrast the pr&€ts is introduced. As shown in Fig. 3, the formation of the
posed system with a frequency-domain equalized single-carf@ded input sequenc,, is performed as follows. The se-
system as proposed in [14]. In particular, the transmitted sign&i4€nce of information bits is coded with a convolutional code of
in the two systems are different, and, like a standard oOFDpMmaximal free distance. The resulting coded bits are interleaved.
system, the proposed system allows a simple implementatiththe output of the interleaver, each OFDM symbol is formed
of the optimal (nonlinear) receiver, which is in contrast to th@s in the uncoded case. Firs¢/M M-dimensional symbols

Bit Error Probability

linear receiver suggested in [14]. The resulting performance d¥e- - - -» & (v/a)—1 are formed, each by usingg, [S| bits

ferences are apparent from Fig. 2. output from the interleaver to select a symbol frémwhere
u; = (w0, ..., w,m-1)". The elements of the OFDM

B. Coded Systems symbol are then given bW 1 = wunoa(n/ar), 1(M/N)]

1=0,1,...,N—1.

In this section, simulation results for coded systems em-The constellation labeling, which defines the mapping of
ploying the proposed signal sets are presented. The goal iddg, |S| coded bits to a symbol ¥, is a critical issue. In
maximize performance, which will be defined by the averadgé6], Gray labeling is shown to possess a number of optimality
SNR required to achieve a given error rate, while minimizingroperties for BICM schemes. Although the equivalent channel
receiver complexity and the PMEPR of the system. After thaodel between the encoder and the decoder for the proposed
system architecture for a coded system employing the proposgdtem is slightly different than that of [16] in the sense
signal sets is detailed in Section IlI-B1, numerical results fahat different complex dimensions of the symbol are faded
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(b)_|Convolutional | |  Bit Dimensional | (X4)

- Map to S ()

Encoder Interleaver Interleaver
(XkL Dimensional | | Soft Bit | | Bit Convolutional_(fi)
Deinterleaver Decoder Deinterleaver Decoder

Fig. 3. Block diagrams for the baseband portions of the proposed BICM system. In the transmitter, the information bit ségueneadoded with a
convolutional code, and the resulting coded bits are interleaved at the bit level. At the output of the bit interleaver, the bits are mappetimetsional
symbols fromS. As in the uncoded case, thd-dimensional symbol§u,} are takenN/M at a time and interleaved to form an OFDM symbqg|. At the
receiver, after the deinterleaving from the OFDM symbol to Atiedimensional symbols, th&/-dimensional symbols are employed by the soft bit decoder to
generate soft information on the coded bits. This soft information is then deinterleaved at the bit level before being employed by the conwatatienal d
to decode the information bits.

independently, Gray labeling will be employed throughout thisignal points inS such that théth label position is equal té.
paper. As in [16], a signal set will be said to be Gray-labelethen, per [16], the optimal metric increment to a branch metric
if any two signal points separated by the minimum Euclidedor a trellis decoder for the hypothesized biin the ith label
distance of the signal set have labels that differ in only a singbesition is given by

bit location. Recognizing that rotating all signals in a signal set ) Aol?

by a rotation® does not alter the Euclidean distance between Mi(r,) = log Z exp <_M> 2)

two signals in the signal set, a Gray-labeled signal set can sexi No

be found by Gray labeling the signal points #* and then

applying the rotation®. Although Gray labeling seems like awherer; = (i 0, 7,1, - -+, 7%, m—1), and.A; is anM by
reasonable choice, it should be noted that there is no provehdiagonal matrix withag o, a1, ..., ok, am—1 as its diag-
optimality of such a labeling. onal elements. In Section 11I-B3, the complexity of this metric

At the receiver, the bit deinterleaver in the receiver precludgeneration will motivate a method of suboptimal metric gener-
optimal joint equalization/decoding. Instead, a soft-output hittion.
decoder is employed before the bit deinterleaver as shown irFor the numerical results, it will first be assumed that the
Fig. 3, which generates the bit metrics for each oflthg |S| system is operating in a fading environment that is rich in di-
bit locations in a received signal. This soft information is thewersity, and thus the sequeneg; is assumed to be a two-di-
deinterleaved and used by a Viterbi decoder to decode the inforensional sequence of Rayleigh random variables that are i.i.d.
mation bits. in both dimensions. This corresponds to a system with at least

2) Numerical Results Using Optimal Bit Metric Genera -ary frequency diversity available and either: 1) enough time
tion: For simulation purposes, it is convenient to employ adiversity so that perfect interleaving of the coded bits in time
equivalent discrete-time frequency-nonselective fading chaneah be assumed or 2) enough frequency diversity that perfect
model for either the proposed or standard OFDM systeimterleaving of the coded bits in the frequency domain can be
operating over a frequency-selective fading channel. Let thesumed. The latter situation can occur in many wideband mul-
proposed OFDM system operate with/Zafrdimensional signal ticarrier environments, such as those commonly observed in
setS derived from the one-dimensional (1-D) signal ¢ets fading environments for digital broadcast television [17].
specified above. On each corresponding sedobubcarriers, For Z = QPSK withM = 2 andM = 4, simulation re-
an analogous standard OFDM system will operate with aults are shown in Figs. 5 and 6, for various code complexi-
M-dimensional signal seforpv = Z™. Then, assuming ties as a function aiveragereceived SNR. For comparison, the
coherent detection with perfect timing, frequency, and phasinulated performance of a standard OFDM system employing
recovery, an appropriate discrete-time frequency nonselect®SK is shown in Fig. 4. In each case, rate-1/2 codes of max-
fading model is given byri ; = o isk,1 + nr,, where imum free distance obtained from [19, p. 330] are employed.
TR, k=—00,...,—1,0,1, ...,00,1=0,1,..., M —1, Notethatthereisamoderate gainin performance versus average
is the received signal correspondingso;, which is thelth di- SNR for the proposed system. Recalling that all three systems
mension of thekth transmitted\/ -dimensional symbol fron¥  exhibit the same Euclidean distance structure, this gain is at-
or Sorpm, and is faded by the Rayleigh random variable;. tributed to the increased diversity of the proposed system.
The 2-D sequencey. ; consists of zero-mean Gaussian random As one would expect, the gain of the proposed system de-
variables withE[|nx ;|?] = N that are i.i.d. in both dimen- creases if the total diversity (time and frequency) of the environ-
sions. In this section, numerical results are obtained assumimgnt is limited. This issue is taken up in [20] by assuming that
optimal bit metric generation per [16] for the bit-interleavegerfect interleaving of the coded bits is still obtained by both the
coded modulation (BICM) decoder; that is, fetc {0, 1} be standard and proposed OFDM schemes, but that the frequency
the bit of interestand € {0, 1, ..., Mlog, |Z| — 1}, be its diversity of the environment is limited to less tha#, thereby
position in the label of signals ifi. Define x; to be the set of implying correlation of the fading affecting the/ subcarriers
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Bit Error Probability
Bit Error Probability

5 ! ! ! . ‘
0 2 4 [ 8 10 12
Average Received SNR per Information Bit Average Recsived SNR per Information Bit

Fig. 4. Simulated bit error probability versaseragereceived SNRE, /N,  Fig. 5. Simulated bit error probability versaseragereceived SNRE; /N

per information bit for a standard OFDM system employing BICM with ger information bit of the proposed OFDM system employing BICM with a
rated /2 code with memorym: and QPSK signal sets on a Rayleigh fadingates/2 code with memorymn, base signal se€ = QPSK, and signal set
channel. Perfect interleaving of the coded bits is assumed. Note the numeritialension}/ = 2 on a Rayleigh fading channel. Perfect interleaving of the
evaluation of very tight exact union bounds is possible for this system [18], beded bits and a channel frequency diversity of at I&8éss assumed. Optimal
simulation results are shown to facilitate a fair comparison to the simulatidwit metric generation is assumed at the receiver. At least ten error events were
results of the proposed system. At least ten error events were observed for edxterved for each simulation point.

simulation point.

10

that carry thed dimensions of a signal drawn fro for the
proposed system. As the correlation increases, performance
the proposed system degrades to the performance of the s 10
dard OFDM system as expected [20].

3) Complexity Analysis and a Suboptima
Receiver: Whereas the results of Section IlI-B-2 sugges 10
that the proposed system can perform better than a stancz
OFDM system in terms of required average signal-to-noi
ratio to achieve a given error rate for the same number
trellis states in the decoder, receiver complexity needs to
carefully considered. In particular, for a standard OFDI'&
system, a given position in a signal label impacts only or 10
(complex) dimension of théd/ dimensions of the signal set
Sorpm = Z2M, which greatly simplifies the metric generatior
process in (2) by reducing the size of the sgfsthat must 1o
be considered. This suggests that the complexity of tl
metric generation process must be studied carefully befc . _ .
conclusions are drawn. 10° L . L L L L s

Rather than study the complexity of the various systems e ° 1 2 Averagesﬂeceived sﬁn perlnforr?lation Bit ° ’ ’
ploying (2), instead the suboptimal BICM metric calculation
method of [16], which provides a better performance versf§- 6. Simulated bit error probability versaseragereceived SNRE;,/NO_

. . . r information bit of the proposed OFDM system employing BICM with a
complexity tradeoff as demonstrated below, will be considerege; /2 code with memorym, base signal seE = QPSK, and signal set
for the proposed signal sets. In particular, the suboptimal metdimensionis = 4 on a Rayleigh fading channel. Perfect interleaving of the

increment to a branch metric for the hypothesized;bit the coded bits and a channel frequency diversity of at I843t assumed. Optimal
bit metric generation is assumed at the receiver. At least ten error events were

-
=3

Error Probabili

ith label position is given by observed for each simulation point.
iy o 2 Thus, under this suboptimal metric, only the Euclidean distance
A1) = —log min |r, — Apz|”. 3 . . ) . .
zEX? to the nearest signal ifi that contains the hypothesized biat
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be found for eacli = 0, 1, 2, 3. This requires the calculation
of the Euclidean distance squared

dp(ry, ) =y, — Ais|®
=|r? = 2Re(r} Aps) + 57 ApAys

for all s € S. Recognizing that the first term is common to
all branches, it need not be computed. Using the fact that there
are only two possible magnitudes for each of the dimensions of
the vectors drawn fron¥, the last term can be computed for
all s € S with six multipliers with real operands. Likewise,
exploiting the fact that there are only three possible values for
each real dimension of a signale S, the second term can
be computed for alk € S with only sixteen real multipliers.
Thus, the calculation of the Euclidean distances fosadl S
requires 22 multiplies with real operands, or 11 multipliers with
real operands per complex dimension.

Depending on the number of subcarriers employed and the
method of performing channel estimation (e.g., see [21]) in a
Average Received SNR per Information Bit coherent OFDM receiver, the complexity of metric generation

_ _ _ . _ _isnotlikely to add significant complexity to the OFDM receiver.
Fig. 7. Simulated bit error probability versaseragereceived SNRE;, /N, ider th . fth d t ith
per information bit of the proposed OFDM system employing BICM with £10Wever, consider the comparison o the proposed system wi
rated/2 code with memorym, base signal seE = QPSK, and signal set a standard OFDM system based on just the complexity of the

dimensic_mM = 2 on a Rayleigh fading chgnnel. Perfect interleaving of th?nemc generation and the trellis decoding. The complexity of
coded bits and a channel frequency diversity of at lédsts assumed. The . .
suboptimal bit metric generation process presented in Section Ill-B-3is assurbd§ Metric generation for the proposed system does not grow, of

at the receiver. Note that there is almost no loss versus the system that empgoarse, with an increasing number of states in the trellis decoder.
optimal bit metric generation, particularly at high SNRs. At least ten errorevenﬁ1us Observing from Figs 4 and 5 that f8r = QPSK and
were observed for each simulation point. ! ' . .

M = 2 the proposed system requires two to four times less

positioni must be calculated. Using this suboptimal metric fosrtates inits trellis decoder than the standard OFDM system for

the proposed system with = QPSK andM = 2, the results the s.am? pehr.for:man;:e, it will Ilkelty yield '?hlovxller complet;qty f
shown in Fig. 7 are obtained. Note that there is almost no pé?_celver or high-periormance systems with a fargeé numboer o

formance loss for a system employing the suboptimal metric %ttates in the trellis (for example, 32 states in the proposed system

(3) versus a system that employs the optimal metric of (2). ve_rrshus 6?'_128 Ztatestlr:nthe itat? d?/ridv?zDM Sylftsvrir:])' mall
Next, receiver complexity is considered for the standard € proposed system can be viewed as allowing a sma

OFDM and proposed OFDM systems employing the subo mount of controlled equalization in the system. Bér= 2,

timal metric of (3). This complexity analysis is presented i e effectively frequency-nonselective channels of the OFDM

detail for the case of = QPSK andM = 2 to demonstrate system are turned into effectively two-tap channels, regardless

a few key points. First, consider the standard OFDM syste f. the Iength of the true_ISI channel. For example, on a fqdmg
annel with ISI extending over many tens of symbol periods,

For Z = QPSK in the standard OFDM system, the syste - . . .
it may be difficult in many single-carrier systems to support

operates as a standard coded QPSK system rather than atrﬂé lexity of a feedf 4 filter i decision-feedback
BICM system; thus, the suboptimal metric of (3) can be shown® cI(_)mp ex'ltr): ofa ;_e_ o:war t; er '? ? ec:csmn— ee talgl
to be optimal, and, it can be easily shown that only a sing?equalzer with “a sufficient number ot faps for acceptable

rformance, which suggests employing an OFDM system.

multiply with real operands is required to generate the metri?,%
e proposed system would allow the system to act as a

for a received channel bit. Recall that this is one of the ke . .
:?)fngle-carrler system over a two-tap ISI channel in such cases,

motivations for a standard OFDM system, since this greatly . . .
reduces the number of multipliers required in equalization an(J1|Ch may provide certain performance versus complexity
decoding versus those required in the feedforward portion t(r)?deoff advantages per above.
a decision-feedback equalizer.

Next, consider the proposed system with = QPSK and
M = 2, employing the metric generation of (3). By observing As will be demonstrated below, the proposed system will
the signal set (see Fig. 8), it can be shown that the numberg@évide modest improvements in the system PMEPR versus
multipliers required to calculate the Euclidean distance betwegnstandard OFDM system. Due to the importance of the
the received symbol and each signal point can be greatly SiFMEPR problem in OFDM systems, the application of the
plified due to the structure of the signal set. For a given r@&FDM system architecture in broadcast applications, and
ceived M -dimensional symbol,,, employment of the subop- the consideration of OFDM for future two-way low-power

timal metric requires that the closest signakihandy! tor, communications, there has been significant research work on

Bit Error Probability

IV. PMEPR GHARACTERIZATION
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1 0 13 12
5 9 8 9 3
3 2 15 14
|
|
13 12 1 0
7 11 10 11 10
15 14 3 2

Complex Dimension 1 Complex Dimension 2

Fig. 8. The two complex dimensions for each signal in the proposed signal sét foerQPSK andM/ = 2. A number plotted on one of the two complex
dimensions indicates the complex value for that dimension of the signal whose index is that number. To avoid confusion, the axes of the grapbsiede not la
but each tick mark indicates a distance of unity.

the reduction of the PMEPR in OFDM systems. This work cagchieves a reduction @b log,, M dB in themaximunsquared

be roughly divided into two groups. magnitude of an output of th&-point IFFT at the transmitter.
The first group consists of techniques that do not alter th#owever, the maximum magnitude occurs very rarely in OFDM

coding and modulation, but instead manipulate the basebaystems with reasonably largé, and thus this may not be the

transmitted waveform with some form of preprocessing/postiost pertinent measure of the system’s PMEPR performance.

processing of the inverse fast Fourier transform (IFFT)hus, the PMEPR properties of the proposed system must be

inputs/outputs at the transmitter (e.g., selective mappiabaracterized more carefully.

[22]-[24], partial transmit sequences [25], peak windowing Let the PMEPR of symbok be defined as the ratio of the

[26], [27], convex projection [28], [29], or fixed phase rotatiormaximum squared value of the signal envelopd &, (k +

[30]). These techniques generally reduce the system PMEPR &) to the (ensemble) average transmitted endrgyof the

the cost of a small complexity increase and/or a small decreaystem

in system bandwidth efficiency. Many of these techniques have

2
the potential to be employed in conjunction with the proposed 1 N-1 1— N
scheme to effect significant PMEPR reductions for the OFDM = —— ma 4 j 2
system. ’ “= NE, B zz:% A C

The second group of techniques exploit the fact that coding
is a natural sequence restrictor and thus employ some formTdéfe PMEPR of various systems will be characterized by the cu-
coded modulation to restrict the sequences allowable acrossigative distribution function oy, which is given by, (x) =
input of the IFFT. Early work in this area consisted of compute?[(;, < z].
searches for good codewords or the optimal coset of a given cod# the system PMEPR is calculated by only considering sam-
(e.g., [31]). Recent work has focused on existing codes whqgsles in the baseband transmitted waveform corresponding to the
codewords do not exhibit peaks when the codewords are placedputszy, o, zx, 1, -- -, Zx, y—1 Of the IFFT, it can be shown
across the input of the IFFT; these techniques have convergleat significant PMEPR gains are obtained for the proposed
to solutions that draw codewords from Golay complementa@FDM system over the standard OFDM system. These gains are
sequences [32], which have recently been recognized as cosetsble in that they correspond to a measure that is independent
of first-order Reed—Muller codes [33]-[35]. However, the elesf the pulse shaping. However, to consider the PMEPR charac-
gant results of this path of research may have limited utilityerization of the system more carefully, the minimum bandwidth
in particular, the codes are being specifically chosen for theé$l-free pulse is employed [i.esin(wt/NT;)/(nt/NTs)], the
PMEPR reduction capability at the expense of error control caaveform is sampled at a much higher rate, gni$ calculated
pability, as pointed out in [34]. In contrast, the coded moduld&ased on the resulting samples. For the proposed and standard
tion schemes proposed in this paper reduce the PMEPR of ®EDM systems, a typical example of the complement of the
OFDM system while improving the performance of powerfulesulting distribution function is shown f& = QPSK and var-
trellis coded modulation techniques in terms of bit error prob&us M and/ in Fig. 9. Note that thé/ = 1 curve corresponds
bility versusaverageSNR. to a standard OFDM system. One can observe from Fig. 9 that,

Consider the PMEPR characteristics of the proposed systéama given N, only a modest (but not insignificant) improve-
for a givenM and Z. From the construction in Section I, it isment in the PMEPR characteristics of the system is obtained by
clear that, for the same average transmitted energy in the pemploying the signal sets of Section Il, particularly when the
posed OFDM and standard OFDM system, the proposed systetio N/M is small.
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single-carrier systems. The choice &f defines the combina-
tion of the two systems that the proposed system is employing,
with A/ = 1 corresponding to a standard multicarrier system and
M = N corresponding to a standard single-carrier system. Sys-
tems with smallA have characteristics similar to OFDM sys-
tems and thus tend to demonstrate less diversity for a given code,
worse PMEPR characteristics, and simpler metric generation,
whereas systems with large are more similar to single-car-
rier systems and thus tend to demonstrate more diversity for a
given code, better PMEPR characteristics, and more compli-
cated metric generation. Note that the diversity (and thus per-
formance) obtained by the proposed single-carrier/multicarrier
hybrid is higher than that obtained if one considers the most
straightforward hybridV/M single-carrier systems, each oc-
cupying a fractionM /N of the bandwidth.

It is also apparent directly from the construction that the
choice of M in a coded system also indicates the proper com-
bination of bit-interleaved coded modulation [16] and lattice
techniques [10] for the operation of perfectly-interleaved coded
modulation schemes operating over frequency-nonselective
fading channels. Note that this implies that, from a coding,

Fig. 9. The probability that the PMEPR of the baseband transmitted signal g‘rOdu'atlon’ and equallzatlon perspective, the question of the

a given OFDM symbol exceeds a given level for various numbers of subcarriétOP€r combination of sir_1g|e-carrier _and multicarrier Sy_StemS
N and signal set dimension®/ with Z = QPSK. For this calculation, the is equivalent to the question of what is the proper combination

baseband waveform has been sameled atleast_eight times betwee_n th:e |0038?']§|C|\/| and lattice techniques for systems achieving perfect
of the IFFT outputs (often termed “oversampling by a factor of eight”). The . . .
number of OFDM symbols simulated for each curve is 50°. Note thatv? =  Interleaving on frequency-nonselective fading channels.

1 corresponds to a standard OFDM system whefdas: N correspondstoa  Finally, as in previous work with rotated signal sets followed
standard single-carrier system. by interleaving of the various dimensions [38], it should be
noted that the effect of imperfect channel estimation can have a
significant impact on the comparison of such schemes to those
employing standard nonrotated signal sets; in particular, the
In this paper, a method of prescribing multidimensiongierformance degradation when imperfect channel estimates
signal sets for an OFDM system has been presented. Aarg available is generally greater for the rotated signal sets.
small increase in the complexity of metric generation at thBhws, the question of the proper combination of multicarrier
receiver, the signal sets can significantly increase the diversityd single-carrier systems under imperfect channel estimation
of the coded modulation scheme, which leads to gains in tfemains an important topic for future work.
performance of the system as a function of the average SNR

Probability PMEPR > x

Ratio x (4B}

V. CONCLUSION

of the system. A suboptimal receiver has been described,
and the characterization of its performance leads to the con-
clusion that, assuming perfect synchronization and channejy)
estimation, the prescribed signal sets can provide an attractive
performance versus complexity tradeoff alternative to standar 2
OFDM for systems operating in environments rich in diversity.
Furthermore, modest gains in the PMEPR of the system ard3]
obtained through a signal set design constraint which does not,
compromise the minimum product distance of the signal sets.

In the broader context, the proposed OFDM signal set con—S]
struction can be viewed as effectively adding a small amount of
controlled equalization into the system by introducing aspects
of a single-carrier system into the multicarrier system. To il-
lustrate this more clearly, note that the construction essentiaII)JG]
guarantees that standard signal sets (e.g., BPSK, QPSK) occur
in the IFFT decomposition at deeper levels Msincreases. 7]
In the limit whenM = N, the resulting system is indeed a
single-carrier system operating on a wideband wireless channgh]
with a number of redundant symbols equal to the length of
the cyclic prefix. Thus, the proposed system can be viewed aégl
a general framework that encompasses both multicarrier and
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