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Abstract— Recently, there has been significant interest in the
capacity of multiple element antenna (MEA) wireless systems.
Previous authors have shown that the asymptotic capacity of
a system with N transmit and N receive antennas (termed an
(N, N) MEA) grows linearly with N if, for all [, the correlation
of the fading for two antenna elements whose indices differ by
| remains fixed as antennas are added to the array. However,
in practice, the total size of the array is often fixed, and thus
the correlation of the fading for two elements separated in
index by some value ! will change as the number of antenna
elements is increased. In this paper, under the condition that
the length of a linear array of antennas is fixed, the asymptotic
properties of the instantaneous mutual information /n n of an
(N, N) MEA wireless system are derived analytically and tested
for accuracy for finite N through simulations. Two different
cases are considered: (1) when the fixed array size constraint
is imposed at the mobile unit, and (2) when the fixed array
size constraint is imposed at both the base station and the
mobile unit. For the first case, simulation results indicate that the
analytical approximations are very accurate for moderate values
of N, especially at high signal-to-noise-ratios (SNR). For the
second case, the predicted non-convergence of [ n is observed
in simulations, as well.

I. INTRODUCTION

Recently, multiple element antenna (MEA) wireless systems
have drawn considerable attention. Early work often assumed
that for a (N, Ng) MEA system, with N transmit antennas
and Np, receive antennas, the fading affecting different antenna
elements was identically and independently distributed (i.i.d)
as circularly symmetric complex Gaussian random variables.
Under this assumption, it has been shown [1] [2] that, even if
the transmitter has no knowledge of the channel fading values,
the capacity divided by N = min(Ny, Ng) approaches a non-
zero constant for a fixed average transmit power, as N — .

However, the aforementioned assumption of an i.i.d dis-
tribution of channel path gains can often be violated due to
the insufficient spacing of antennas or the absence of a rich
scattering environment around the transmitter and/or receiver.
Therefore, it is of interest in many application scenarios to
consider the case when the fading between different antenna
pairs in a MEA wireless system is correlated. Recent work
investigating the impact of correlated fading on the capacity
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of MEA systems can be found in [3] and [4]. In [4], a (N, N)
MEA wireless system is assumed, and antennas are arranged
in a regular grid, the total size of which scales upward with
the number of antennas, thus preserving the relative position
of adjacent antennas. Under this assumption, [4] employed
random matrix theory to show that, as /N approaches infinity,
the instantaneous mutual information Iy ny of such MEA
systems still increases linearly, albeit with a smaller rate than
in the i.i.d fading case.

In practice, while increasing the number of antennas, the
entire physical size of the antenna array must often be kept
fixed due to physical constraints imposed by the application.
For example, on a mobile unit, the size of the antenna array
cannot be assumed to grow without bound. In this work,
the asymptotic characteristics of Iy n are investigated in
a scenario where the length of a linear array is fixed and
the spatial correlation function of the fading is bandlimited
or satisfies certain analytic properties. Due to the constraint
imposed by the fixed array site, the approaches taken in [4]
cannot be employed here. Instead, the asymptotic charac-
teristics of eigenvalues of large Hermitian matrices, as well
as the statistical characteristics of eigenvalues of the large
sample covariance matrices, are exploited to arrive at simple
yet accurate expressions to which the asymptotic capacity will
converge almost surely.

This paper is organized as follows. In Section II, the
system model and channel model are presented. In Section
III, asymptotic characteristics of Iy n are analyzed for the
two cases of interest: (1) correlation exists due only to the
fixed length of the array on the mobile unit, and (2) antenna
arrays at both the base station and mobile unit are of fixed
length. In Section IV, the same problem is reconsidered under
an alternate formulation which keeps the total received power
fixed. Simulation results are presented in Section V, and
conclusions are drawn in Section VI.

II. SYSTEM MODEL

Throughout the paper, the following notations will be used:
Iy for the N x N identity matrix, A" for transpose conjugate
of the matrix A, A* for conjugate of the matrix A, det(A) for
determinant of the square matrix A, A for transpose of the
matrix A, and X for column vector.

As in [4], a single-user, point-to-point, narrowband wireless
communication system with N transmit antennas and N

0-7803-7802-4/03/$17.00 © 2003 |EEE
2633



receive antennas will be assumed through this paper. It is
assumed that the transmitter has no knowledge of the channel
state information (CSI) nor knowledge of the correlation
statistics of the channel, but that the receiver has perfect
knowledge of the CSI. Let H be the NV x N channel fading
matrix, whose (i,7)th entry H;; is the complex path gain
between transmitter j and receiver ¢. Then, the discrete-time
equivalent system model is given by:

Y=HX+Z (1)

where X is an N x 1 column vector whose jth component
represents the signal transmitted by the jth antenna. Similarly,
the received signal and received noise are represented by [NV x 1
complex column vectors, Y and Z, respectively. It is assumed
that the total average power transmitted across the /N transmit
antennas is fixed at p, regardless of N. The noise vector Z
is an additive white Gaussian random vector, whose entries
{Z;;i = 1,...,N} are iid circularly symmetric complex
Gaussian random variables with mean zero. Without loss of
generality, the variance of Z; will be normalized to one.
Thus, Z; ~ N(0,1), where the notation N (u,c?) means the
variable possesses a circularly symmetric complex Gaussian
distribution with mean y and variance o2.

Entries of the channel fading matrix H are assumed to be
circularly symmetric complex Gaussian random variables with
zero mean and E[|H, ;|?] = 1, and thus a Rayleigh fading
channel is being assumed, and the average received power at
each receive antenna is p. In this work, H will be treated as
quasi-static. Hence, as in [2], if the input vector X is a proper
complex Gaussian random vector, whose covariance matrix is
EX -X T] = (@, the mutual information Iy y of this MEA
system (conditioned on H) is

INVNzlogzdet(IN+H~Q~HT)bps/HZ 2)

Since there is no CSI nor knowledge of the correlation of
entries of H available at the transmitter, a minimax robust
strategy [5] is to set @ as £ I, which implies transmitting
data independently with the same average power p/N across
each of the N antennas. Then, (2) simplifies to

In N = log, det (IN + %H : HT) bps/Hz. 3)

It is assumed that the covariance matrix of the random
variables H; ; has the following general covariance structure,
as described in [4]: E[H; H},] = \Ilgllllfj, where U7 and
U are N x N covariance matrices generated by the transmit
and receive antennas, respectively. Therefore, the covariance
matrix of each row of H is U7, and U¥ is the covariance
matrix of each column of H.

In [4], it was assumed that as N was increased, the relative
position of adjacent antennas is fixed for some regular arrays,
such as square or linear grids. Then, the empirical distribution
of the eigenvalues of W7 and W are required to converge to
some limiting distributions. Here, it will be assumed that both

the transmit and the receive antenna are arranged as linear
arrays. In contrast to [4], assume that the total length of the
linear array at the receiver (mobile unit) side is fixed. The
length of the linear array at the transmitter side (base station)
will be assumed to be either: (1) fixed, or (2) large enough to
make UT = Jy.

Henlce, H can be factorized in the form of H =
(¥F)2 W (¥7) 2, where the entries of W are ii.d with

N (0,1). In order to analyze the asymptotic performance of
(3), as N — oo, the unitary transformation of matrices [4]

yields

Iy = logydet Iy + L wmw (v7) wi)

19

log, det (IN + %DRWDTWT) @)

where D means “in distribution”, and Dy and D are diagonal
matrices, whose entries are the eigenvalues of T and 07T,
respectively, in decreasing order.

III. ASYMPTOTIC ANALYSIS OF Iy N

A. Fixed Receive Array Size with Bandlimited Power Spectral
Density

In this section, it will be assumed that as N — oo, ¥T
can be maintained as Iy. However, at the receiver side, the
antennas will need to be fit into a fixed-length linear array. In
such a scenario, the asymptotic characteristics of Iy, n, which
is now

Iy N = log, det (]N 4 %D}%/QWWTD}%/Q) 7 5)

will be investigated.

Without loss of generality, let ¢*(r) be the normalized
spatial correlation function at the receiver end for a linear
array of fixed length, such that

1—J .
W5J2¢R (N31L3>727.7:17'--

N, (6)

where Ly is the total length of the linear array. Therefore, TR
is a non-negative definite Hermitian and Toeplitz matrix.

As noted in [11], the eigenvalues {/\,(CR’N)} of the matrix
U /N will be converging to the point spectrum (i.e. eigen-

values in this case) { )‘i(cRm)

Hermitian operator ¢ (z, y) = ¥ [(x — y) Lr] on the Hilbert
space L]0, 1] , where z,y € [0, 1], and can be determined by

of the non-negative definite

1
/0 VR [(x —y)Lr] dn(y)dy = )\,(CR’OO)(ﬁk(x), E=1,---,00,
@)

where {¢p(z)} are the eigen-functions of the operator
(2, y). It has been shown in [6] that the number of nonzero
values in )\;R’N),k: 1,--- N will be in the order of
f1(N), such that f1(N)/N — 0 as N is approaching infinity.

Let Fr(Q) be the power spectral density corresponding
to %(r), and assume the support of Fr(Q) is on the
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interval [—QF, Qf], which indicates that the power spectral
densities of the spatial correlation functions are assumed to
be bandlimited, and is true in many applications [3]. Then,
based on Toeplitz matrix theory [8], by taking the same
approach as that in our work on power control [9], it can
be shown that as N — oo, the eigenvalues of \I/R/N will
be asymptotically equally distributed with the sampling points
of Fr(2) ® Fw(Q)/Lg, where ® denotes convolution, and
Fyy (£2) is the Fourier transform of the window function W (r),
which is 1 over —Lp < r < Lg, and zero otherwise.
Let f*(Q) = £ [ZF ¢r(r)e™dr. Since f(>)(Q)
is the Fourier transform of the spatial correlation function
truncated to [—Lp, Lg], the strictly bandlimited nature of
Fr(9) implies that f(>)(Q) is not bandlimited. However,
as will be shown below, the numerical results suggest that a
bandlimited approximation to such is quite useful for numbers
of antenna elements of interest. In particular, the power
spectral density decays rapidly outside of a transition region.

Thus, while the {2V}
(R,00)

are converging point-wisely to

the point spectrum {)\ } of the Hermitian and Toeplitz
operator specified in (7), the number of nonzero eigenvalues
f1(IN) can be approximated as a finite number Ng. In other
words, a finite number Ny of nonzero bounded eigenvalues
(AN = 0,...,Ng — 1} will dominate, and all other
N — Np, eigenvalues can be approximated as zero, where Np
is fixed and AN 5 AF2°) yhen N is big. Tt should be
noted that any non-zero eigenvalue will eventually (/V large
enough) have a significant absolute impact on the capacity,
but this does not happen until [N approaches the inverse of
that eigenvalue, and thus the threshold below which a sample
of the power spectral density is ignored can be chosen small
enough to place those N beyond the values of interest. Since
the applicability of this entire line of research is predicated

N)

upon the point-wise convergence of {)\,(fR’ } to the point

spectrum {)\;R’OO)} of the Hermitian and Toeplitz operator

at reasonable N, this causes no conceptual problem, and the
numerical results will firmly support this approach. In [6], it
has been shown as well that even if 1/(r) is not bandlimited,
as long as % (r) satisfies certain analytical conditions such
that /\,(CR’OO) decreases fast enough [10], f1(IV) can still be
approximated as Ng.

Therefore, with f1(N) ~ Nr < oo, as N — oo, the
diagonal matrix Dr/N in (5) can be approximated as a
diagonal matrix whose Ng upper left diagonal entries are
positive, and all other entries will be vanishing. Hence, (5)
becomes

Inn ~ Inpn = log, det (INR + pD YWt DY 2) (8)

where D r is a N X N diagonal matrix with diagonal entries
as {)\ECR’N) }, and W is a Ng x N random matrix, whose entries
are circularly symmetric complex Gaussian random variables:
~ iid N(0,1).

Ngr—1
. - (R,0) _
Jim (INR’N - 20: log, (1+ NpA| )) —0, as.

©)
where a.s. means almost sure convergence. See [6] and [7] for
the proof of (9).

Convergence in (9) implies that for a (N, N) MEA system
with spatial correlation only at the mobile unit side with
bandlimited power spectral density, the instantaneous mutual
information of the MEA system Iy n can be approximated
as 1 Ny, N, Whose difference with the sum term in (9) di-
minishes almost surely. Note that, as NN increases, Iy n is
increasing at the speed of log,(N) in the high SNR case,
which is in contrast to the case without the length constraint
at the receiver end, where it was shown that Iy ny will be
increasing at the speed of IV (i.e. linearly) as proved in [4].
Due to the fast decreasing rate to zero of the eigenvalues of
the spatial correlation function, the (IV, N) MEA system is
roughly equivalent to a (N, Ng) MEA system, with transmit
power allocated the same as p at each transmit antenna,
where Np is a fixed number, as N is sufficiently large.
Furthermore, this (N, Ng) MEA system can be decomposed
into N X N, parallel independent channels with receive SNR
Np)\,(CR’OO), k=0,..., Ngr—1. Therefore, Nr can roughly be
considered the degrees of freedom as defined in [3].

B. Bandlimited Spatial Correlations at Transmitter and Re-
ceiver

In this section, the case with fixed length linear arrays
located at both the base station and mobile unit will be investi-
gated. In this case, let 1% (r) and ¥7 (r) be the spatial correla-
tion functions, and let Ly and L7 be the length of the linear
arrays, respectively. By following the same approach taken
above, it can be concluded that there are Ng and Nt dominant
eigenvalues of matrices ¥ /N and W7 /N, respectively, which

are denoted as ﬁR = diag {)\(R ) ,i=0,...,Ng — 1} and
= diag{Af.T’N),i —0,...,Np—1
fore, for N sufficiently large, (4) becomes:

, respectively. There-

Inn 2 log,det (IN+%DRWDTWT)

~ 1og2det<INR+Np[7RWDTW*) (10)

where W is a Ng x Ny random matrix, whose entries are
iid and distributed as N(0,1), and N and Np are fixed
numbers. From (10), it can be seen that such a (N, N) MEA
system is equivalent to a (Ng, Ny) MEA system in terms
of the statistical behavior of Iy y when N is sufﬁ01ently
large, with spatial correlations determined by Dpg and D,
and with transmit power at each transmit antenna of Np.
Since the dimension of W is finite, I ~,N 1s a random variable
regardless of the size of V. The statistical characteristics of
In,n will be subject to the probability distribution function of
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the eigenvalues of matrix DrWDpWT. As one might expect,
it can be shown [6] that the expected value of Iy n in (10)
can be upper bounded by Iy n with the fixed length linear
array at the receiver end only (i.e. the sum term in (9)).

IV. CASE WITH FIXED TOTAL RECEIVED SIGNAL POWER

In previous sections, it is assumed the total transmitted
power is p after normalizing the variance of the additive
noise. In that case, the total signal power received by the
receiving antennas scales with the number of receive antennas
N. However, in recent independent work [11], which studied
ergodic (or mean) capacity (rather than the characterization
of each sample path) under a similar framework, it is argued
that the total received signal power should be kept constant
if multiple antennas occupy a given physical volume. This is
accomplished mathematically by scaling the transmitted power
by 1/N, thus making the correlation matrix @ in (2) equal to
%I ~. Based on this assumption, in [11], they argued that if
there exists only one-sided correlation caused by the receive
antennas, F [IN7N] (i.e. average of I n in (2) ) is converging
to a constant.

In this section, by employing the same approach as that
in Section III, a stronger result than that in [11] will be
shown. In particular, with a fixed length linear array on the
receiver side, as well as the total received signal power fixed,
the instantaneous mutual information Iy n will be shown to
converge almost surely to a deterministic constant as N — oo.
Theorem 1:

Ivn = logydet Iy + 5D *WwiD}/?)
a.s R (R,) 14
:S; 1 (1 A(Roo0 ) < m
— ;;) 0go ( 1+ pAg S 19 (11)

Proof: See [6]. The proof of Theorem 1 does not require the
condition that 1 (r) is bandlimited or has nice analytical
properties [6]. We note that a similar result to Theorem 1
has recently been stated in independent work [12], without
explicitly stating the almost sure convergence, though.

If the transmitting antennas are also spatially dense, (e.g.
with fixed length linear arrays located at both the base station
and mobile), and Q = %I N, it can be shown as well that
(6],

N-1
E[Inn] < Z log, (1 + p)\,(CR’N)) , for all N
k=
fi(N)—-1
— log, (1 + p)\iR’oo)) ,as N — 00
k=0

12)

which indicates that the expected value of Iy ny in this
scenario is upper bounded by the capacity of the MEA system
with the fixed length linear array located at receiver side
only, asymptotically. As more antennas are put in this MEA

system, the ergodic capacity will be non-decreasing under the
conditions assumed throughout this work; since E [Iy y] has
a finite upper bound, it can be concluded that

E[INJV} — C, (13)

which agrees with what is claimed in [11] for the mean
capacity, and C' is a finite constant that will depend on the
spectrum of the Hermitian operators, 1% (z,y) and 7 (z,y)
, respectively.

V. SIMULATION RESULTS

To determine how well the analytical results of Section
IIT hold for finite N and choice of Nr (which corresponds
to a selection of the “dominant” eigenvalues), as well as
Theorem 1 in Section IV, a number of simulation results
are presented here. The parameters employed are as follows:
linear array at the mobile unit of length Lrp = 5\, where A
is the carrier wavelength, and signal-to-noise ratios (SNR) of
p = 22 dB. Let the correlation function be given by ¥{t(r) =
e=1/2@27ro0 /N’ where g9 = 0.25, ¥E(r) = sinc(2r/)\)
[3] (i.e. bandlimited), and 15 (r) = e~ I"l/X, For the case
with a fixed length array at both transmitter and receiver, let
WR(r) = 47 (r).

If the total average transmit power is fixed, Figure 1 and
Figure 2 show the characteristics of Iy ny versus N, with
spatial correlation function () and £ (r), respectively.
The number of dominant eigenvalues Ny in both cases are 15,
which has been determined through numerical computations.
In those figures, analytical results are obtained with the sum
term in (9); simulation results are obtained through generating
one realization of the random variable Iy y for each N in
terms of the first equation in (4). From the simulation results,
it can be observed that the sum term in (9) is a very accurate
approximation for Iy n if there exists bandlimited spatial
correlation at one side or the spatial correlation function is
smooth enough. If fixed length arrarys are located at both
sides, Iy, n does not show convergence as expected.

If the total average received power is fixed, which can be
realized mathematically by setting Q = &Iy as argued
in Section IV, Figure 3 shows the results using the spatial
correlation function £ (r), which does not have a derivative
at » = 0. It can be observed that (11) agrees well with the
simulation result. However, it has been shown in [6] that this
convergence is much slower than those of 1{(r) and & (r),
which have nicer analytical properties than that of ¥ (r).

VI. CONCLUSION

In this paper, the convergence of the instantaneous mutual
information Iy n of a (N,N) MEA system is presented
analytically and tested through simulations, for the case when
spatial correlations are caused by the restriction that the
elements of the array must occupy a fixed length at either
the mobile unit or at both sides. It has been shown that
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the analytical result (9) is accurate to approximate Iy ny at
moderate values of N, especially in the case of high signal-
to-noise ratios.

If the total received signal power is fixed by normalizing the
transmitted power by 1/N, simulation results presented agree
well with the analytical ones in Section IV.
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Fig. 1. Instantaneous mutual information Iy n of a (N,N) MEA

system versus N, with the fixed total average transmit power, 1!t(r)
e=1/2(2mrog/0)? =0.25, p = 22dB, L = 5\, and f1(N)
Np = 15.
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Fig. 2. Instantaneous mutual information Iy n of a (N, N) MEA system
versus N, with the fixed total average transmit power. Simulation results are
obtained through generating one realization of random variable I, N for
each N in terms of the first equation in (4), where Lr = 5\, p = 22dB.
For the case when the fixed length linear array is put at the receiver side
only, 5 realizations are generated for each N, and the Toeplitz matrix WF
is determined by (1) = sinc (2r/)), ¥T = In. For the case when the
fixed length linear arrays are put at both the transmitter and receiver side,
2 realizations are generated for each N, and UF = U7 are determined by
T (r) = B (r) = sinc (2r/)). Analytical results are obtained by the sum

term in (9), where N = 15 and eigenvalues /\,(CR’N) are obtained from

numerical calculations. It can be observed that for each realization in the case
with a fixed length array at the receiver side only, Iy, n is converging rapidly
for large N. The case of a fixed length array located at both sides is indicated
by the dash-dot lines, more randomness is observed as expected.
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Fig. 3. Instantaneous mutual information Iy n of a (N, N) MEA system
versus N, with fixed total average received power, such that Q = N2 Iy in

(2), and PF(r) = e~ |71/ Analytical results are obtained by the sum term
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in (11), where the eigenvalues are obtained through numerical

computations and Zh<400) Yo 0go (1 + p)\ECRAOO) = 52.0460. It can
be observed that for each realization in the case with a fixed length array at
the receiver side only, Iy, x is converging to the analytical result as N grows
large. The case of a fixed length array located at both sides is indicated by the
dash-dot lines, more randomness is observed as expected, and the expected
value demonstrates the convergence as well.
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