Orthotropic elasticity in 3D:

In three dimensions the stress-strain relations are expressed as o = ce, which, expanded into components,
is
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To move from stresses to strains, the relationship can be written as € = do with d = ¢! the inverse of
the constitutive matrix c. In isotropic elasticity, there are three elastic constants, E, v, and G, the elastic
modulus, Poisson’s ratio, and shear modulus of which two are independent. The components of d are given
by
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Orthotropic materials have 3 planes of material symmetry, and 9 independent elastic constants. These
correspond to elastic moduli in each of the three principal material directions, three Poisson’s ratios that
represent the coupling between axial and transverse strains, and three shear moduli that represent the
relationship between the three modes of shear stress and strain. These elastic constants are arranged in the
d matrix as follows
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These twelve elastic constants are subject to constraints because the constitutive matrix must be symmetric
if the strain energy density is to exist and properly relate the stresses and strains. The constraints are
VeyEBy = Vya By, Ve B, = vy By and vy, B, = v, ). Note that when the coordinate system in which the
stress and strain are represented coincides with the coordinate system in which the constitutive matrix is
represented, the shear and axial components of stress and strain are decoupled. When these coordinate
systems do not coincide, however, shear and axial components do not remain uncoupled, and axial stress
can lead to shear strain.

Example Exercise: Consider an orthotropic material with elastic constitutive matrix of Eq. 5 whose con-
stitutive matrix is expressed in the coordinate system (z,y,z). A coordinate system (z’;y’,2’) is oriented
such that the angle from z to 2’ is m/4, and the z and 2’ axes are coincident. The state of stress in the
(2',y,2") coordinate system is o, = oy with all other stress components zero. Find the strains in the
(x,y,2) and (2,4, 2") coordinate systems, express an effective elastic modulus E,, = 0,/ /€,» and comment
on your results.

Solution: This can be treated as a 2D problem. The transformed stresses, using § = —7 /4 are o, = 0¢/2,

oy = 00/2 and 7,y = 0¢/2 with all other components equal to zero. The strains in the (x,y, z) coordinate
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system are €; = 5= — Sp=, € = 55— 3E, and v,y = CTEE

To get the strains in the (a/,y’, 2’) coordinate system, we can use the 2D transformation equations with
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0 = m/4. These are ¢,y = % (EI o8 +Ey+Gzy)’ €y = 3 (Ez E, T E, ny) and vy =

% ( G = Ei) . Note here that if F, = E, the shearing strain becomes zero and the axial and shear behavior
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is decoupled.
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These strains lead to the effective modulus E, = o = B G 3B Gyt BaCay T ELE,

Ey=EitE,=FE,=FE, vy =v, and Gy = E/(2(1 + v)), that is, we recover the isotropic case with the
appropriate material property substitutions.
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